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Abstract. We explain how to apply techniques from integrable systems to 
construct 2fc-soliton homoclinic wave maps from the periodic Minkowski space 
X to a compact Lie group, and more generally to a compact symmetric 
space. We give a correspondence between solutions of the —1 flow equation 
associated to a compact Lie group G and wave maps into G. We use Backlund 
transformations to construct explicit 2fc-soliton breather solutions for the —1 
flow equation and show that the corresponding wave maps are periodic and 
homoclinic. The compact symmetric space G/K can be embedded as a totally 
geodesic submanifold of G via the Cartan embedding. We prescribe the con- 
straint condition for the —1 flow equation associated to G which insures that 
the corresponding wave map into G actually lies in G/K. For example, when 
G/K = SU{2)/SO{2) = S^, the constrained — 1-flow equation associated to 
SU{2) has the sine-Gordon equation (SGE) as a subequation and classical 
breather solutions of the SGE are 2-soliton breathers. Thus our result gen- 
eralizes the result of Shatah and Strauss that a classical breather solution of 
the SGE gives rise to a periodic homoclinic wave map to S^. When the group 
G is non-compact, the bi-invariant metric on G is pseudo-Riemannian and 
Backlund transformations of a smooth solution often are singular. We use 
Backlund transformations to show that there exist smooth initial data with 
constant boundary conditions and finite energy such that the Cauchy prob- 
lem for wave maps from R^'^ to the pseudo-Riemannian manifold SL(2,R) 
develops singularities in finite time. 



A smooth map s : M N between two pseudo-Riemannian manifolds is called 
harmonic if it is a critical point of the functional 



where ( , )p is the natural bilinear form induced from the metrics on TAIp and 
TNs(^p), and dv is the volume form of M associated to its metric. When the domain 
manifold is Riemannian, the Euler-Lagrange equation of J is elliptic, and is the 
natural non-linear generalization of the Laplace-Beltrami equation. There is an 
extensive literature in geometry and physics on elliptic harmonic maps. When the 
domain manifold is the Lorentz space M = M"'^, the equations are non- linear wave 
equations, and the solution maps are referred to as wave maps. When the target 
manifold is a Lie Group G, these equations have a particularly simple form. For 
M = Ri'\ the equation for s : R^'^ ~> G is 
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and a solution is called a 1 
(characteristic) coordinates 



1 wave map into G. This equation in light cone 



2 ' ' 2 
takes the form 

(s-'h), = -i 

which can be encoded in a Lax pair, i.e., s is a 1 



s ^s^)^, 



(1.3) 



1 wave map if and only if 



d_ 



(l-A) 



dr] 



d (1-A-i) 








for all A e C \ {0}. Because of this Lax formulation, the 1 + 1 wave map equation 
1)1.21) is an integrahle system. 

In this paper we describe how to apply methods from integrable systems to 
construct periodic and homoclinic wave maps to Lie groups and more generally to 
symmetric spaces. We will use a closely related integrable non-linear wave equation, 
the —1 flow equation associated to G. This is the first order semi-linear wave system 
for {a,u,v) : Ri-i ^ x x 



(1.4) 



where G is the Lie algebra of G. The —1 flow equation also has a Lax pair, namely 
(a, u, v) is a solution of the —1 flow equation if and only if 

' d , d 

for all A e C \ {0}, where ^,77 are characteristic coordinates. The name —1 flow 
comes from the standard convention in the theory of soliton equations and we give 
a brief explanation next. 

There is a hierarchy of soliton flows associated to each Lie group G. The Lax 
pair of the j-th flow in the G-hierarchy is of the form 

^ ■ ' Q,A-^ 



+ A- 







dx 



+ a\ + u, 



dt 







with a^b^u,Qi in Q. For example, the focusing non-linear Schrodinger equation 
(NLS) 



2 {.Q.XX 



and the complex modified KdV equation 

1 



qt 



{qxxx + 6|g| qx) 



are the second and third flows in the 5[/(2)-hierarchy. 

The Lax pairs of the wave map equation and the —1 flow equation are gauge 
equivalent, which in turn gives an equivalence between solutions of the —1 flow 
equation associated to G and wave maps s : K^'^ G with s(0, 0) = I the identity. 
This is analogous to the Hasimoto transformation between the focusing NLS and 
the Heisenberg magnetic model equation. If a solution of the —1 flow equation 
associated to G satisfies a certain constraint (a reality condition) coming from an 
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involution a of G, then the corresponding wave map to G is in fact a wave map to the 
symmetric space G/K (here K is the fixed point set of a). When G = SU{2) and 
a{g) = (g*)"^, the constrained — 1-flow equation is equivalent to the equation for 
wave maps from M}-^ to S^. Moreover, this constrained —1 flow equation associated 
to SU{2) contains the sine-Gordon equation (SGE), 

qtt - Qxx = sing, 

as a subequation. 

Shatah and Strauss prove in |3| that wave maps into corresponding to classical 
breather solutions of the SGE are homoclinic, when viewed as wave maps from 

X to 5^, in the sense that their limits as t ^ oo and as i ^ — oo are the 
same. Our study of periodic 1 + 1 wave maps into symmetric spaces was inspired 
by their paper. 

To explain the method we use to construct homoclinic wave maps from S*^ x M 
to a symmetric space, we need to give a brief review of Backlund transformations 
in integrable systems (cf. jl]). First note that given smooth gl{n,C) valued maps 
A, B on K.^, the condition that A, B satisfy 



— + B 
dS, ' drj 







is equivalent to the existence of the trivialization E such that 

= EA, E^ ^ EB, E{0, 0) = I. 

Now let (a, u, v) be a solution of the —1 flow, and rj, A) the trivialization of the 
corresponding Lax pair, i.e., 

E^:^E{aX + u), En = \~'^Ev, S(0,0,A)=L 

Since the coefficients of the above differential equation are holomorphic in the pa- 
rameter A G C \ {0}, E{£^, rj, A) is holomorphic in A G C \ {0}. The basic idea of a 
Backlund transformation is that given a linear fractional map from S"^ = C U {oo} 
to GL{n, C) of the form g(A) = I + for some z G C and P e gl{n), we can use 
residue calculus to choose a gl{n)-YaXned map P defined in an open neighborhood 
O of (0, 0) in the (^, 77)-plane so that 

^(e,ry,A)=.g(A)ii;(C,r/,A).g(e,77,A)-i 

is holomorphic in A G C \ {0} for each 77) G O, where g — I + ^37- By a direct 
computation, one can see that 

E-^E^ = a\ + u, E^'^E,, = A^^w 

for some u,v defined on O. Hence {a,u,v) is again a solution of the —1 equation. 
We call 

(a, u, u) !■ g • (a, u, v) :— (a, u, v) 

a Backlund transformation of the —1 flow equation. We notice that the classical 
breather solutions of SGE can be constructed from the vacuum solution g = by 
applying Backlund transformations twice with carefully placed poles. Therefore we 
can apply Backlund transformations 2k times to construct 2fc-soliton breathers for 
SGE. We show that corresponding wave maps into S*^ are also homoclinic. In fact, 
we generalize results of Shatah and Strauss to 1 -I- 1 wave maps into any compact 
symmetric spaces. 
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Note that if a e ^ is a constant, then (a, 0, a) is a trivial solution of the —1 flow 
equation, and the fc-soliton solutions of the —1 flow equation can be constructed by 
applying Backlund transformations to it k times. If we choose a so that exp(27ra) = 
I and place the poles of the Backlund transformations carefully, then we can obtain 
fc-solitons of the — 1-flow equations, that are periodic in time or in space. Such 
solutions are called k-soliton breathers. The wave maps into G corresponding to 
fc-soliton breathers are periodic in the space variable. Wave maps from 5^ x M 
to G are called periodic wave maps into G. The wave map corresponding to the 
trivial solution (a,0, a) of the —1 flow equation is a stationary wave map into G, 
which is the geodesic "f{x) — exp(aa::) in G. We apply Backlund transformations 
to these solutions to construct explicit fc-soliton periodic wave maps. Moreover, we 
compute the asymptotic behavior of these periodic wave maps and prove that they 
are homoclinic. We also construct explicitly 2fc-soliton homoclinic wave maps from 
5^ X R into CP" and 4fc-soliton homoclinic wave maps into 5"^^. 

When G is compact, a wave map from M}'^ to G corresponding to a general 
fc-soliton solution of the —1 flow equation usually oscillates as the space variable 
|a;| — !■ oo, i.e., does not have constant boundary conditions at infinity. To construct 
wave maps into G that have good boundary conditions and finite energy, we first 
note that a wave map to a circle subgroup T of G is given essentially by a solution of 
the linear wave equation, so wave maps to T with finite energy and good boundary 
conditions at ±cxd can be written down easily, and Backlund transformations of 
such wave maps are again wave maps having finite energy and constant boundary 
conditions at infinity. 

The Lax pair of the defocusing NLS 

qt = ^{Qxx - 2|gpg) 

satisfies the reality condition coming from the non-compact Lie group SU{1,1), 
and does not have smooth solitons. The theorem that Backlund transformations 
do not introduce singularities applies only to the reality condition coming from a 
compact Lie group. Unfortunately there are many interesting geometric problems 
in integrable systems for which solutions obtained via Backlund transformations 
do have singularities. Nevertheless, Backlund transformations can still be used in 
the non-compact case to construct interesting examples as we will see next with 
G^SL{2,R). 

It is known that the Cauchy problem for wave maps from K.^'^ to a complete 
Riemannian manifold N with smooth initial data in has long time existence (cf. 
PP). But this is no longer true if we replace iV by a pseudo- Riemannian manifold. 
There are counterexamples for N = SL{2, R) equipped with the pseudo-Riemannian 
bi-invariant metric. 

This paper is organized as follows. In section 2, we review the Lagrangian 
formulation of wave maps from M}'^ to G and the corresponding Lax pair. In 
section 3, we give the Hamiltonian formalism for wave maps and compute the 
stable and unstable modes at stationary solutions. In section 4, we prove the Lax 
pair of the —1 fiow equation associated to G is gauge equivalent to the Lax pair 
of the equation for wave maps into G, and give a bijection between solutions of 
the —1 flow equation and wave maps s satisfying s(0,0) = I. In section 5, we 
review Backlund transformations for the —1 flow equation associated to SU{n), 
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and apply these transformations to stationary wave maps to construct explicit k- 
soliton wave maps from S*^ x M to SU{2). In section 6, we prove the wave maps to 
SU{2) corresponding to 2fc-soliton breather solutions are homoclinic. In section 7, 
we explain the constraint condition for the —1 flow equation associated to SU{2) 
so that the corresponding wave maps into SU{2) — lie in S^. In section 8, we 
first recall a useful description of the compact symmetric space G/K imbedded as 
a totally geodesic submanifold in G, and then prescribe the constraint condition 
for the —1 fiow associated to G that insures that the corresponding wave maps 
into G actually lie in a symmetric space. We emphasize the important case of 
wave maps into S"^ = §^^, into CP"~^, and into 5'""^. Finally in section 9, we 
use Backlund transformations to construct examples of smooth Cauchy data with 
constant boundary conditions at infinity and finite energy such that the Cauchy 
problem for wave maps from R^'^ to SL{2,M.) have long time existence and also 
examples of initial data that develop singularities in finite time. 



2. Wave map equation and its Lax pair 

We rewrite (|1.3|) as a first order system. Let P = s^^s^, and Q = s^^Sjj, i.e., 

= sP, s„ = sQ. (2.1) 

The compatibility condition of the linear system (|2.1|) gives 

(sj)^ - {sP)„ = s„P + sP„ = sQP + sP,, = s{QP + P„) 
- = = s^Q + sQ^ = sPQ + sQj = s{PQ + Q^). 

This implies 

QP + P„ = PQ + Q^, 

or equivalently, 

P^ - ^ PQ - QP ^ [P.Q]. (2.2) 

Combine equations (|2.2|l and H1.3|l to see that the wave map equation in character- 
istic coordinates is 

i.e.. 

In other words, we have 

Proposition 2.1. Let (1^,77) denote the light cone coordinate system of M}'^ . If 
s : R^'^ SU{n) is a wave map, then A = ^s^^sj and B = ^s^^Sri satisfy the 
first order system 

A,, = -B^ = [A,B]. (2.4) 

Conversely, if {A,B) is a solution of (|2.4|l . then there exists a unique s : R^^"'^ — s- 
SU{n) such that 

= 2sA, s,, = 2sB, s(0, 0) = /. 
Moreover, s satisfies \i.'6\ . i.e., s is a wave map. 
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Next we formulate equation H2.4|l as the condition for a family of connections to 
be flat. Recall that the curvature of a g I (n) -valued connection 

d d ^ 

— +P, — + Q 
at, ori 



is defined to be 

F ^ 



d d 

h P, 

dS, ' drj 



The connection is flat if the curvature is zero. So the compatibility condition (|2.2() 
for linear system (|2.1() is also the condition for the connection |^ + P, ^ + (91 
to be flat. Another convenient way to write connection is as a gZ(n)-valued 1-form 

9 ^ A + B drj. 

Then the curvature is 

de + eA0^ + B^ + [A, B]) A dr]. 

It is easy to see that the following statements are equivalent for smooth maps 
A,B -.R^ ^ gl{n): 

(1) [^+A{x,t), -§j + B{x,t)] =0, 

(2) The connection 1-form 9 = Adx + Bdt is flat, i.e., dO = -9 A 9. 

(3) At-B^ = [A,B]. 

(4) = EA, Et = EB, E{0,0) = / has a unique solution E : M.'^ 
GL{n). Such E is called the trivialization of the flat connection A dx + B dt 
(normalized at (0,0)). 

The wave map equation has a Lax pair (cf. [HlEDi i-e., there is a one parameter 
family of sZ(n, C)-valued connection 1-forms JIa on B}'^ defined in terms of s : 
R^'^ SU (n) and its derivatives so that is flat for all A € C \ {0} if and only if 
s satisfies H1.3|l . We explain this next. Given A, B : M^'^ su{n) and A G C \ {0}, 
consider the following ^/(n, C)-valued connection 1-form on M}'^: 

= (1 - A)A di+{l- \-^)B dr]. 

We claim that fix is flat for all A G C* if and only if {A, B) is a solution of H2.4|l . 
To see this, note that is flat is equivalent to 

(1 - A)yl„ - (1 - \-^)B^ = [(1 - A)yl, (1 - \-^)B] = (2 - A - \-^)[A, B] 

for all A G C \ {0}. Equate the coefficients of A^^, A and constant term to get 

'A^ = [A,Bl 
A^- B^^ 2[A,B], 
B^^^[A,B]. 

This is equivalent to 1)2. 4|l . and we prove the claim. We summarize our discussions: 

Proposition 2.2. (^^). Let s : R^'^ SU{n) be a smooth map, (f , rj) the light 
cone coordinate system, and 

A^^is-h^), B=^is-h,). 

Then the following statements are equivalent: 
(1) s is a wave map. 
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(2) s is a solution of 

(3) {A,B) is a solution of H2.4(l . 

(4) The connection 1-form 

nx = {I- X)A dC+{l- X-^)B dr] (2.5) 
is flat for all X G C\ {0}, 

Corollary 2.3. If A,B : K}'^ — > su{n) satisfy equation (|2.4(l . then there exists 
E{x,t,X) such that 

E-'^E^ = {I - X)A, E-^Er, = il-X-^)B, E{0,0,X)^I 

for all X Cz C\ {0}, i.e., E{-,-,X) is the trivialization of the Lax pair D,x defined 
by H2.5|l . Moreover, s(£^,rj) — E{^,ri, ^1) is a wave map from R^'^ to SUin), 
s^^si^ — 2A, and s^^Srj — 2B. 

A direct computation implies that the Lax pair Q\ of the wave map equation 
satisfies the following reality condition: 

ni + nx=0, (2.6) 

where £,* =5*. We claim that the trivialization E{x,t,X) fix satisfies the reality 
condition 

E{x,t,XyE{x,t,X)=I, (2.7) 

or equivalently, 

E{x,t,X)-^ = E{x,t,X)*. 
Toseethis, letF(x,t, A) = {E{x,t,X)*)~^ . Compute directly to get F^^di^ -fi?, 
which is equal to ft\. But F(0,0, A) = 1. Since both E and F satisfy the same 
linear differential equation with the same initial condition, the uniqueness of ODE 
implies that E ^ F. This proves the claim. 

The A parameter seems redundant. But it is this parameter that allows us to 
construct Backlund transformations and explicit solutions. These will be explained 
in later sections. 

3. The Hamiltonian formulation of wave maps 
The functional J defined by for maps s : 5^ x M — + SU{n) is 

^(s) ^ \ I dxdt, 

where = — tr(?/^). Viewed as a functional on the space of curves from M to 

C°° {S^ , SU{n)), J has two terms. The first term of J is the kinetic energy and 
the second term is the potential energy. The Lagrangian formulation of the wave 
map equation views the equation as an equation for curves on the tangent bundle 
of = C°°{S^ , SU{n)). In this section, we use the Legendre transformation to 
view the wave map equation as a Hamiltonian system on the cotangent bundle of 
Ai, and compute the stable and unstable modes at stationary wave maps. 

Recall that the cotangent bundle T*A4 of a manifold Ai has a natural symplectic 
form w = dr, where t is the canonical 1-form on T* M. defined by 

Ti{v) ^ i{dTT{v)), 

where tt : T*Ai \s the natural projection. 
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Given a curve 7 : (— e,e) — > C°° {S-^ , SU{n)) with 7(0) = s, we identify the 
tangent vector 7'(0) as 

(7(0),7(0rV(0)) = (s,s-i<5s). 
This identifies TM = Mx C°^{S\ su{n)). Note that 

{vi,V2) = -tr{viV2) 

defines an inner product on su{n). So we can also identify T* Ais as TA4s via the 
inner product: 

{V1,V2) = / -tT{viV2)dx. 



Jo 

By definition of the canonical 1-form on T*Ai, we get 

T{s,v){s~^5s,5v) = {v, s^^Ss) = / —tr{vs^^6s) dx. 

Jo 

We use Cartan formula 

w{X, Y) = dT{X, Y) = X{t{Y)) - Y{t{X)) - t{[X, Y]) 

to compute the symplectic form w — dr on T*Ai. Let X(s,v) = (771, Jiw) and 
Y{s,v) — {r]2,52v) be two constant vector fields on T*M = TM. Then 

X{t{Y)) = X (^J^ -tr{v{x)ii2{x)) dx^ ^ ~ ti{Siv,T]2)dx = {Siv,j]2). 
So we get 

Consider the Hamiltonian H : T* M. M, which is the sum of kinetic energy and 
potential energy, i.e., 

1 1 f^^ 

H{s, w) = - {{v, v) + {s-h^,s-^Sa:)) = - 2 y + {s~^s^f)dx. 

The Hamiltonian vector field Xh of H is the vector field satisfying 

dH(^s.v) [s^^5s^ Sv) = w{{s^^Ss, Sv, Xh{s, v)) 
for all {s^^Ss, Sv). A direct computation shows that 

rf-ff(s,D)(s~"^(5s, = {6v,v) - {s^^bs,{s^^ Sx)x). 
So the Hamiltonian vector field for H is 

Xh{s,v) = (w, {s^^Sx)x). 

The Hamiltonian equation is 

which is the wave map equation (|1.2() . 

Proposition 3.1. The stationary points of Xh are (s,0), where s{x) — ce°^, 
a € su(2) a constant such that e^^" = / and c G SU{2) a constant. 

Proof. Xh{s,v) = (0,0) if and only if w = and {s~^Sx)x = 0. So s~^Sx = a 
for some constant a G su{n). Hence s{x) = ce"^ for some c g su{n). Since 
s(27r) = s(0), e^^^" = /. □ 
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Note that stationary points of Xh are closed geodesies of SU (n) . 

Next we compute the hnearization of Xh at a stationary point, stable and un- 
stable subspaces. We will do this calculation for SU{2). The calculations for other 
compact groups are similar. 

Let m be a non-zero integer, a = diag(iTO, —im), and s{x) = e°^. The lineariza- 
tion of X — Xh at the stationary point (s, 0) is 

dX^s,o}is~^Ss,Sv) = {6v,6{s^'^Sx)x). 

Set 

s~^6s — p, 5v = q. 

Compute directly to get 

S{s~^Sx) — ~{s~^Ss)s~^Sx + s~^{Ss)x 

= -pa + s"^(sp)j, = -pa + s~^{sxp + sp^) 
= -pa + ap + px =px + [a,p]. 

So 

dX(s^Q){p,q) = {q,Pxx + [a.Px])- 
The linearized equation is 

1^-'^' (3.1) 
yqt =Pxx + [a,Px\- 

The linearization of the wave map equation at s is 

Ptt^Pxx + [a,Px]- (3.2) 

We compute the linear modes of the linear wave equation (|3.1|l next, i.e., solve 
the following linear system for (p, q) : ^ su(2): 

\q kp, 

[Pxx + [a,Px] = kq. 
Substitute the first equation to the second to get 

Pxx + [a,Px]-k'^P = 0- (3.3) 
Write (|3.3|l in terms of entries oi p = (pij) E su{2) to get 

j{Pll)xx - fc^Pii = 0, 
\ {Pi2)xx + 2im{pi2)x - k'^Pi2 = 
This system is linear with constant coefficients. So it can be solved explicitly: 

ci + C2X, if k ~ 0, 

Cie^^ + C2e^^^ , if fc 7^ 0, 

We divide the computation into three cases: 
(1) A; = 0. 

Since in this case pn is linear and periodic with period 27r, pn = ci is a pure 
imaginary constant. Note pi2 = C2 + cae"^™^ with C2,C3 G C. So the nullity 
of d{XH)is,o) is 5. In fact, let Sct denote the stationary point Sc,b{x) = ce''^. 
Then {sc,b \ c e SU{2), b £ su{2) is conjugate to a} is a five dimensional stationary 



2. . (3-4) 



Piiix) 
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submanifold of M and the tangent space at s = si^a is the kernel of the hnearization 
(E3- 

(2) fceR\{0}. 

Note pii = cie^^ + C2e^''^ is periodic and k is non-zero and real implies that 
Pii = 0. Since pi2 has period 27r, — > and y/m? — k^ is an integer. So real 
non-zero eigenvalues of d{XH)(s,o) ^re 



k = zt\/ rri^ — p , < \j\ < m, j integer. 
Eigenvectors for k = ^\prrP^^^]^ are (pfc, 9^^), where 



(3.5) 



= ±\Jrn? - f pk. 



(3) fc e C\R. 

Since pi2 has to be periodic, m? — k^ > and V — fc^ is an integer. Hence fc^ 
must be real. But k is not real. So k is pure imaginary. In other words, k = ic for 
some c € R and %/ m? + is an integer. Hence the non-real eigenvalues are 



±j\/j^ — m^, J > |r7i|, j integer. 

Recall that the stable (unstable resp.) subspace of Xh at a stationary point 
(s,0) is the direct sum of the eigenspaces of d{XH)(s,o) with eigenvalues k such 
that Re(fc) < (Re(/c) > resp.) So the above computation gives 

Proposition 3.2. Let ni be an integer, a ~ diag(iTO, — im), and s{x) = e"^^. The 
unstable subspace of the Hamiltonian vector field Xh at the stationary point (s,0) is 
®Y=o^^j^ ' eigenspace ofd{XH){s,o) 'with eigenvalue k — \J m'^ — p 

and is spanned by {pk,qk) d^'^^n in H3.5|) . The stable subspace of the Hamiltonian 
vector field Xh at (s,0) is ®^SqW~, where W~ is the eigenspace of d{XH){s,o) 
with eigenvalue k = ~\/ rrP- — p- and is spanned by {pk,%) given in (|3.5() . 

Corollary 3.3. Let m be a positive integer, and a — diag(iTO, — im). Then the 
linearization of the wave map equation at the stationary wave map s{x,t) — e"^ is 

£,tt ~ ^xx + [o-i £,x\- 

Moreover, the stable and unstable modes corresponding to -^yjm?- — p are 

¥ * / f) f,pii-"i±j)x\ 

P^,i-^t) = -e-^^ ' [_-^-lr.±,,x ) (3.6a) 

P+,,(-,^)=e^^*(_-^_.(_™±,> j (3.6b) 

respectively, where c Cz <C is a constant, j is an integer and \ j\ < m. 

4. The —1 flow equation and the wave map 

We give a correspondence between solutions of the —1 flow equation p.4|l and 
wave maps. 
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In characteristic coordinate jy), the —1 flow equation H1.4|l associated to SU (n) 
is the following system for {a,u,v) : nf^jsu(n): 



S = 0, 



Un = [a,v], (4.1) 
{Vi = -[u,v]. 
A direct computation implies that 

Proposition 4.1. The map {a,u,v) : lif^isu{n) is a solution of the —1-flow 

equation 1)4. l|l associated to SU (n) if and only if 

9x = (aA + u) d£_+ X^^v dij 

IS flat for all \eC\{0}. 



(4.2) 



Note that the Lax pair 9\ of the above —1 flow equation satisfies the reality 
condition H2.6|l . So the trivialization E{x,t,X) of 9\ satisfies the reality condition 

(ini)- 

Recall that the gauge transformation of g : R^'^ GL{n,C) of the connection 

b1 



— A — 



IS 



d_ 



A]g-\ 9 



d_ 



Direct computation gives 
d_ 

M 

d 



drj 



+ A)g-' 
+ B]g-' 



d_ 

d_ 
drj 



+ 9^9 ^-9i9 \ 
+ 9Bg^^ -9v9^^- 



Since 



d 



g[—+A\g-\ g[—+B\g 



d 







)■'-'] 


= 9 



d 



d 



9^ ^ ' drj^ 



the gauge transformation of a flat connection is again flat. Written in terms of 
connection 1-form 9 — A d^ + B drj, the gauge transformation g * 6 is 

g^9 = gOg'^ - dgg^^. 

It is easy to check that if E is the trivialization of the flat connection 9, then 
g{Q, 0)~^Eg^^ is the trivialization of g * 9. 

Below we show that the Lax pairs of wave map equation and the —1 flow equation 
are gauge equivalent and give a correspondence between wave maps and solutions 
of the —1 flow equation. 

Theorem 4.2. Let (a,u,v) be a solution to the ~l-flow equation ()4.1|l associated 
to SU{n), and $(^,77, A) the trivialization of 

9x = (a(e, 7?)A + u(e, 7?)) dC + X-'v{^, 77) dr,. 

Set $(A)(^,7y) = $(^,77, A). Then s = <I'(-1)$(1)^^ is a wave map from R^^^ to 
SU{n), and 

fi-^sj = -2$(l)a$(l)"\ s^^s^ = -2<^{l)v^{l)-^ . (4.3) 
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Conversely, suppose s : M.^'^ —> SU{n) is a wave map and s(0,0) = I. Let ipi^^rj) 
be the solution of ij^^'^ipri = ^s^^Sj^ with ?/;(^,0) — 1, and 

< u{^.v)=a{0-{^\i>-'mv). (4.4) 

Then {—a,u,v) is a solution of the —1 flow equation associated to SU{n) and s is 
the wave map corresponding to {—a,u,v). 

Proof. A direct computation gives 

Ba = $(1) * 61a = (1 - A)(-$(l)a$(l)-i)dC + (1 - X-^){-^l)v<i>{l)-'^)dT]. 

The trivialization of Ga is <I>(A)$(1)"^ By Corollary IT^ $(-l)$(l)-i is a wave 
map. 

To prove the converse, set A — ^s~^s^ and B = is~^s^. By Proposition l2.2l we 
have Ar, = —B^ — [A, B]. Set A{^, rj) = tp{^, T])~^a{£,)^p{(,, rj). A direct computation 
implies that A^j = [A,B]. But A satisfies the same differential equation as A, i.e., 

A,, = [A,B], and 

i(C,0) = A(e,0) = a(0 = l{s-h^)i^,0). 

By the uniqueness of solutions of ordinary differential equation we have 

Aitrj)^Ai^,Tj)^4'-HtriHi.m,v)- 
Apply gauge transformation of tp to the Lax pair of the wave map 
nx^{l- X)A d^+{l- X-^)B dr] 

to get 

* r^A = {-a\ + a - - A" ^5-0"^ drj. 

Since f^A is flat, so is ■(/' * ^^a- It follows from Proposition 14.11 that (— a,M,w) is a 
solution of the —1 flow, where a,u,v are deflned by (|4.4|1 . 

Let F{^,ri,\) denote the trivialization of fix. Since ili — 0, F(^,77, 1) is a 
constant. But F{0, 0, A) = I. Thus F{^, rj, 1) = I. It follows from CoroUarvlOthat 
the harmonic map s(^, rj) = F{^, 77, —1). The trivialization of * D,\ is 

i?(e,77,A) =i^(f,r;,A)7A(^,77). 

But we have proved ijj * f^A is the Lax pair for {—a,u,v). So the wave map corre- 
sponding to {—a,u,v) is 

E{^, ry, -1)E{^, rj, 1)-' - r,, -1)F{(, 1)-' = F{^, rj, -1) = s. 

□ 

The proof of the above Theorem implies that the Lax pair (|2.5|l of the wave map 
equation is gauge equivalent to the Lax pair (|4.2() of the —1 flow equation. 

Example 4.3. closed geodesies 

Let a = diag(zmi, • • • ,imn) £ su{n), where 2mi,- • • ,2mn are integers. Then 
(a, 0, a) is a solution of the —1 flow equation, the corresponding Lax pair is 

6\ = aA + aX^^drj, 
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and the triviahzation of 9\ is 

The corresponding wave map constructed in Theorem 14.21 is the stationary wave 
map 

so(e, V) = EoiC, V, -l)Eo{t V, 1)"' = e-^'^^ = diag(e~2-i-, . . . , g-^---), 
a closed geodesic in SU{n). 

Note that SU (2) equipped with the bi-invariant metric is isometric to the stan- 
dard S'^ because 



SU{2) 



z —w 
z 

is isometric to in = R"' via 



z,weC, |zp + \w\^ = 1 









r 


« - 





Example 4.4. wave maps into a great circle 

Let h{^) and k{ri) be smooth real valued functions on R, u = 0, and 

Then (a, 0, b) is a solution of the —1 flow equation associated to SU{2), its Lax pair 
is 9x = a(^)A + b{r])X~^dr], and its triviahzation is 

/g»(h(OA+fc(,,)A-i) Q \ 

g-j(h(0A+fc(7,)A-i) I • 



The wave map corresponding to (a, 0, b) is 

=diag(e-2*(''(«)+'=('')), e2'(''(«)+'=(''))), 
which lies in the great circle |z| = 1 and u> = in 

z,weC, \z\^ + \w\^ = il = 5^ 



SU{2) 



z —w 
w z 



Hence it is also a wave map into the circle S^. The equation for wave maps into 
is essentially the linear wave equation, and general solutions are of the form 
h{^) + fc(?/). Note that if h and k decay at ±oo, then the corresponding wave map 
tends to I as \x\ — > oo. 

5. Backlund transformations 

In this section, we use Backlund transformations to construct fc-soliton solutions 
of the —1 flow equation, and use Theorem 14. 21 to construct the corresponding k- 
soliton wave maps. Most of these wave maps oscillates as the space variable x 
tends to ±00, but some of these wave maps are periodic in x. Note that wave maps 
into a great circle of SU{2) can be written in terms of solutions of the linear wave 
equation. We show that if s is a wave map into a great circle so that s has constant 
boundary condition at ±00 and finite energy, then the new wave maps obtained 
by applying Backlund transformations to s also have constant boundary condition 
and finite energy. 
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First we review the construction of Backlund transformations of the —1 flow 
equation. Let {a,u,v) be a solution of the —1 flow equation H4.1|l associated to 
SU{n), and E{x,t, A) the triviahzation of its Lax pair (|4.2|) 6\, i.e., 

' E^^E^ ^ aX + u, 

E-'^E^ = X-^v, (5.1) 

.e:(o,o,A) = L 

Since the right hand side of l|5.1|l is holomorphic in parameter A G C\0, the solution 
E{x,t,X) is holomoprhic in A e C \ 0. Because 9\ satisfies the reality condition 
E satisfies (j^ . 

Let TT be a Hermitian projection of C" onto a complex linear subspace V, tt^ = 
I — TT the projection onto the orthogonal complement and z E C Let g^.-n- ■ 
C GL{n,C) denote the rational map defined by 

9...W=7T+- -TT^=I+- -TT^. (5.2) 

A — z A — z 

We call Qz^TT a simple element. A direct computation shows that gz,Tr satisfies the 
reality condition H2.7|l : 

(5z,7r(A))*5^,^(A) = /. 

In particular, 

A — z 

To construct Backlund transformations for the — 1 fiow equation, we first find E 
and g so that 

gz,7rWE{x, t, A) = E{x, t, X)g{x, t, A) 

with E holomorphic in A € C \ and g holomorphic in a neighborhood of {0, oo}. 
Since the left hand side has a pole at A = z, so 5 must have too. In fact, g can 
be taken to be the form (?z.#(2;.t) (A) for some projection Tr{x,t). Moreover, E is the 
triviahzation of a new solution of the —1 flow equation. We state the results more 
precisely below. 

Theorem 5.1. (^). Let {a,u,v) be a solution of the —1 flow equation H4.1fl . and 
i?(^,77, A) the triviahzation of the corresponding Lax pair Ox, i.e., 

E-^E^=aX + u, E-^E,^ = X-^v, E{0,0,X) = I. 

Let z € C \ M, and vr the projection onto a linear subspace V of . Set 

V{^,7j)=E{^,Tj,znV) 

7r(^,77) = the Hermitian projection of C" onto V{^,ri) 
u = u + {z — z)[Tt, a], 

1 - , 



:{zTf + ZTT )v{zTT + ZTT ), 



I Z I 2' 

m V, A) = gzA^)m. V, ^)9z,^w-' 



^ 'TTAE{^,r^,X)(iT{tv) + ^^^{tv) 



A-z 
Then 

(1) E{S^, 77, A) is holomorphic for A £ C \ 0, 
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(2) {a,u,v) is a new solution of the —1 flow equation, 

(3) E satisfies the reality condition 1)2. 7|l . and E is the trivialization of the Lax 
pair of (a, u, v). 

We sketch the proof of this Theorem. Let g ~ gz.ir, and g = gz,Ti(x.t)- Note that 
E = gEg~^ is holomoprhic for A € C \ {0, z,z} and has poles at A = z and z of 
order < 1. Use definition of tt to prove that the residues of _E at A = z and X = z 
are zero. Thus E is holomorphic for A e C \ 0. Let 9x = E^^dE. Then 

0x^g9x~g-'~id~9)r' ^9*0x. (5.3) 

Expand E~^E^ in A to see that its leading term is aX. Since E~^E^ is holomorphic 
in A £ C, it must be of the form aX + u for some m. A similar argument implies 
that E~^Er, must be of the form X~^v. But 9\ — (a A + u) d£^ + X^^v drj is flat. So 
(a, u, u) is a solution of the —1 flow equation. The formula of u, v can be computed 
from (|5.3(l . 

Theorem 15 . II gives an algebraic method to construct new solutions from a given 
solution of the —1 flow equation if the trivialization of the Lax pair of the given 
solution is known. Let gz^T^ • ia,u,v) denote the solution {a,u,v) constructed in 
Theorem 15 .11 and the transformation (a, u, v) i-^ gz,-K • (i, u, v) is called a Bdcklund 
transformation of the —1 flow equation. Let s be the wave map corresponding 
to (a, M, v) given by Theorem 14.21 and gz.-K • s the wave map corresponding to 
g^ .^ • (a, u, v). We call s i— > g^^-n • s a Backlund transformation of wave maps. 

In the next two examples, we use Backlund transformations to construct explicit 
wave maps into SU{2). 

Example 5.2. periodic 1-soliton wave map 

Let 2rn > be an integer, a = diag(im, — im). We have seen in Example 14.31 
that (a, 0, a) is a solution of the —1 flow equation, its Lax pair is 

9\ — aX d(^ + aX^^ drj, 

its trivialization is £'0(^,77, A) = goAJ+aA tj^ ^^^^ ^^le corresponding wave map is 
the stationary wave map so(a;,t) — e^'^"'^. Since we have the trivialization for 

(a, 0, a), we can apply Backlund transformation to (a, 0, a). Let z = e*^, Qq = 

and TT the Hermitian projection onto V — Cqo. We use Theorem 15.11 to compute 
gz,TT • (a, 0, a) next. First we get 

= exp(a(z^ + z~^f]))*qo = exp(-a(z^ + z~'^T]))qo 

= exp(-a(e-^^e + e'%))qo 
= exp(-a(cos^(^ + ry) +ism9{-^ + ri)))qo 

/ {imx cos 9+rnt siYi 0) 
= exip{-a{xCOsO- it sin 6) Lj = f ^..^^cos^+misin^ 

Therefore the projection 7r(a:, t) of onto 'Cq{x, t) is 
7r(x, t) — ^ . . 



2 2mt sin 9 ^ — 2inix cos 9 



^2imx cos 9 
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the trivialization of Qz.tt • (a, 0, a) is 

By Theorem 14.21 the wave map s corresponding to gz,TT • (a, 0, a) is 
s(x,t) = £:i(a;,t,-l)£:i(a;,i,l)~i 

= gz,Ti{-l)Eo{x,t, -l)gz,7rix,t){-^y^9z,7r(x,t){^)Eo{x,t, iy^gz^Tr{l)'^- 
A direct computation gives 

^o(a;,t,-l) = ^o(a;,i,l)-i =e-"% 
52,#(x.t)(-l)"^5'z.*(x.t)(l) = 7T{x,t) - 7r(a;,i)^. 

Hence 

t) = 5,,,(-l)e-'^^(^(a;, i) - ir{x, i)^)e-"^5.,^(l)^'- (5.4) 
In particular, the first column of e^'^'^{TT{x,t) — TT{x,t)-^)e^°'^ 

, f tanh(2mt sin 9) \ 

^[x,t) - i^^2imxcoseg^^Yi {2mtsiiie) J 

is a wave map into S^. 

Note that if cos0 — ^ for some integer j, then s is periodic in x with period 
27r. In this case, 5 is a wave map from x E to S*"^. 

Example 5.3. 1-soliton wave map into SU{2) 

Let z — r+is, and a, tt as in Example l5.2l We derive the formula for s = gz,Tr'So- 
A direct computation as in Example 15 . 21 implies that 

1 / 1 aA-iB^ 



where 



z|2 ; vv |z|V V I^P 

The first column of Eo{x,t, ~l){2Tr{x,t) ~ l)Eo{x,t, is 



A = ms[x^t - ^^-pr^ I = ms f f 1 - -^r ) x + (1 + -^tt U ) , 



5* = 



e^^sech A 



which is a wave map into . Note that S is periodic in a: if |z| = 1 and r is rational, 
and oscillates as |a;| — > 00 if \z\ ^ 1. 

Example 5.4. fc-soliton wave map from 5^ x M to SU{2) 

We apply Backlund transformations k times to construct fc-soliton wave maps 
from 5^ X M to SU{2). Let a, qo, V, and tt be as in Example 15. 21 Let 



iOi _ + *Mj 



Zj — e""^ = — —, 2rj an integer, |r^ | < m, fij — y 771' — 

for j — I, ■ ■ ■ , k. Set 

{a,Uj,Vj) = gzj,-„ • (gz,. i,7r • • • • • gzt,n • («, 0, a) • • • ), 



-,2 — ^2 
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Ej the trivialization of the Lax pair of (a, Uj, vj), 

qj{x,t) = £'j_i(x,t, Zj)*((7o) = £'j-i(x,t, %)"^((7o), 
7rj(x,t) the Hermitian projection of C" onto Cqj{x,t), i.e., 



7rj(a;,i) 



Set 

By Theorem 15.11 and induction, we have 

Ej{x,t,\) = {gj ■ ■ ■gi){X)Eo{x,t,X){gj ■ ■ ■ gi)-'^{x,t, X), (5.5a) 

Qji^^t) = (gj-i ■ ■ ■ h){zj)Eo{x,t, Zj)* {gj^i ■ ■ ■ gi)* {zj){qo), (5.5b) 

where Eo{x,t,X) = e<^^+^'''^\ 
Since 7r((jo) = go, '^''^iqo) = 0, 

9tizjT{qo) = I TT + ^i— iijT^ j (go) = go. (5.6) 

Hence (5^ • ■ ■ gx)* {z^){qQ) = go, and 

qj{x,t) = (.gj_i • • •5i)(zj)£'o(a;,t,Zj)*(go) 

= fe-1 • • -SOl^i) ( g«r,:r+M,t ) ' (5-7) 

The wave map corresponding to (a, u^, Vj) constructed in Theorem 14. 21 is 

Sj(x^ i 

From Example 15.21 we get 



Sj{x,i) = Ej{x,t,-l)Ej{x,t,iy\ 



(li{x,t) = ( ^ir,a^+t,,t j , (5-8a) 

£;i(a;,i,A) = .9i(A)e''(^«+^"'').9i(a;,i,A)-\ (5.8c) 

si(x, t) = .9i(-l)e-"^(^i(a;, i) - 7r^(a;, i))e-'^^5i(l)"'- (5.8d) 

Since ri is an integer, 7ri,^i,si are periodic in x with period 27r. 
Note that 

EQ{x,t,Zjy{qo) ^ I ^,r^x+^^t ]■ (5-9) 



Use (j5.5b|) . 1)5. 6|l and (|5.9|l to get 

-(ir2X+fj.2t)\ 



92(2;, t) = 51 (a;, Z2) 



Since gi is periodic in x and r2 is an integer, g2 is periodic in x with period 27r. So 
is TT2. The wave map corresponding to (a, 1*2, 1^2) is 

S2(a;,i) = b2e'''''gi{x,t,-l)-^{TT2{x,t) - n2ix,t)^)gi{x,t,l)e-'''=C2^ , 
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where 62 — (32<?i)(— 1), C2 = (g25i)(l), and 7r2(a;,<) is the projection onto 
q2{x,t) = \T:i{x,t) + ^ ^T:^{x,ty ' ^ 

\ Z2 — Zi J 

By assumption Ir-i is an integer. So 92 and si are periodic in x with period 27r. 
It now follows from induction that 

(1) the wave map corresponding to {a,Uj,Vj) is 

Sj{x,t) = bje-^'^ig^' ■ ■ ■ ~gj')ix,t,-l)ig, ■ ■ ■ gi)ix,t,l)c-\ (5.10) 
where 

bj^igr--gi)i-l), = (5.11) 

(2) Sj is periodic in x with period 2tt, i.e., sj is a wave map from S'-'^ x M to 
SU{2). 

Next we compute the wave map constructed by applying Backlund transforma- 
tion to wave maps into constructed in Example 14.41 

Example 5.5. Let z = r + is, vq = , h, h, a, b and s as in Example 14.41 We 
use Theorem 15. II to construct (a, u, v) ~ g^.-n * (a, 0, 6). A direct computation gives 



I ^-i{h((,)z+k(in)z-^y 



which is parallel to 

_ (.■ 

So the projection 7r(^,?7) onto Cq{^,ri) is 



where / = . Then 

u = 2is[TT, a], 

V = 7^(z7i- + Z7r-'')6(?7)(2:7r + ztt^). 

\A 

The wave map corresponding to (a, u, v) is 

S = 5.,^ * s = g,,,(-l)e-'^-(^(a;, i) - 7f (x, t)^)e-'^^g,,,(-l). 
The first column S of e^''"=(if (a;, i) - ^{x,t)^)e-'''' is 



5(x,t) 
where 



e^-^sech A 



A^2s{ hi —— k 



B^2r\h 



2 J + 3"^ \ 2 
x + t\ 1 ^ f X — t 
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If h{x) and k{x) tends to zero as |a;| —> oo, then lim|a;|^oo 7r(x, i) = 5 1^ ' "'^'^ 

this case the wave maps s and S have constant boundary condition. 

We claim that if h' and fc' are square integrable then the wave map s has finite 
energy at each level t. This can be proved using Theorem 14. 21 The energy at t — 
is 

t=to Jt = to ^ 

Recall that the trivialization E of the Lax pair of (a, u, v) satisfies the reality con- 
dition ^n^. So E{x,t,±l) e U{2). Thus by Theorem Ol we have 

\\r'^\\^2\\h'\i 11^-15,11 = 2|H|. 

Since (z# + zn^) G U{2), 

u^,v)\\^\\k'm. 

The assumption /i', k' are in implies that 

lls~^STll^'ia; < 00. 



/t=to 

6. HOMOCLINIC WAVE MAPS 



We study the asymptotic behavior of the periodic fc-soliton wave maps Sj con- 
structed in Example 15.41 and prove that they are homoclinic. 

We use the same notations as in Example 15.41 First we look at the behavior of 



Sj as, t —00. Set 



Since /ij > 0, limt^_oo Vj = 0. By (|5.8a|) . qi{x, t) is parallel to 

91 = ( /„,J = (n) ° 



So the projection 7ri(a;.t) onto Cqi{x,t) is 

o)+yi(/° 0)+^^^'^' 

where 0{yf) means terms involving y" with n>2. By (|5.7|l . q2{x,t) is parallel to 
Expand it in j/i , 1/2 to get 

where ci,C2 are constants depending on 21,22- This implies that the projection 
. ,^ A 0\ f ai/i\ ^ / a2f2\ ^ 2. 

where ai,a2 are constants depending on 21,22. Use the formula for qj,TTj,Ej and 
induction to see that as t — > — cx) we have 

-.(-'^)-(; ''f)+Oiy% (6.1) 
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where Ur are constants depending on zi, . . . , Zj. In particular, this proves that 

lim 7rj(a;,i) = ( ^ ) . (6.2) 



t — > — oo 



Next we use formula (|5.10|l to compute the asymptotic behavior of Sj as f — > — oo. 
It follows from (|6.2|l that we have 



By H5.1U|I . we have 



1 

-1 

where bj,Cj are given by H5.11(l . In particular, we get 



\im s2k{x,t)^b2ke ^""^Cj^, (6.3a) 



t — ^ — OO 



lim S2k+iix, t) - 52,+ie-2- (J (6.3b) 



Both 6j and Cj lies in U{2). A direct computation gives 

5^,7r(-l)ff2.7r(l)~^ = TT - TT^. 

This implies 52fcC2fc ^ <5'C/(2). So 

S2k = &2fe^*2feC2fe 

is a wave map from 5^ xM^ to SU{2). Use (|5.1UII and 1)6.1(1 and a direct computation 
to conclude 



as t ^ — oo, where Pi, ... , (32k are real constants. Recall that 

so{x,t) = e-2«^ = diag(e-2'""^, e^™^). 

So we have 

which is an unstable mode pt.2m 2r ^^^^ stationary solution sq with eigenvalue 



2^m? ^ flj = 2/ij as given in Corollarv l3.3l In other words, we have shown 

2k 

lim S2fc(a;,i) - so(x,i) - so(x,t) Vptjrn 2ri(2;,0 = 0. (6.4) 

To compute the asymptotic behavior of Sj(x,t) as i — > oo, we set 
hj = = e~2^^*. 

Since /^^ > 0, limj^oo Pj = 0- A similar computation implies that 

(1) qi{x,t) is parallel to y^^ji 
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(2) 



n— 1 ^ 

for some constants . . . , depending on zi, • • • , Zj, 

1, 



(3) limt^oo5j(2;,t, -1) ^5j(a;,i,l) = 
(4) 



^Inn S2fe(a;,t) = 62fce 2'''=C2fc , (6.6a) 
lim S2fc+i(a;,i) = foafc+ie"^"'' f ~^ c'^^^^. (6.6b) 



(5) 

for some constants ei, . . . , depending on zi, • • • , Zj. 
(6) As t ^ oo we have 

2k 

lim S2k{x,t) - so{x,t) - so(a:^,Oy]pl2m 2r,(2;,i) = (6.7) 

for some linear stable mode pZ2m 2rj ■ 
As a consequence of (j6.3b|l and Ij6.6b|l . we get 

^jim^S2fe+i(a;,i) = - ^liin S2A;+i (a;, i) = 62^+16^^"^ '^hk+i- 

So S2fc+i is a hecteroclinic wave map from x to SU{2). 

Formulas 1)6. 4|l and (|6.7|l imply that S2fe, S2fe are homoclinic wave map from x 
to S't/(2). So we have 

Theorem 6.1. Let 2m be an integer, a — diag{im, —im), and so{x,t) = e"^"^. 
Let TT denote the projection of onto C 1 1 j , and 



,-fl / , . V J' ^7 + ^M? 

z,- = e"'' = — + 1 -^^ = 

mm m 

where 2ri, . . . , 2r2k cire integers and \rj\ < m. Let 

S2k = gz2k.7r •(•••• (g^i,^ • So) • ■ • ) 

denote the wave map obtained by applying 2k Bdcklund transformations. Then S2k 
is a homoclinic wave map from x to SU(2). Moreover, there exist constants 
b2k,C2k e C/(2) such that S2k = &2fcS2fcC2fe satisfies linii^^^ S2kix,t) = so{x,t) and 
(lOI) and 
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7. WAVE MAPS INTO S"^ 

We describe a constraint condition for solutions the —1 equation associated to 
SU{2) = so that the corresponding wave maps into actually lies in S^. 
Recall that we identify C = R'^ as SU{2) via 







—w\ 




\w 





The intersection of with the linear hyperplane defined by Re(?i;) = is 



M = 



Z IS 

is z 



zeC, seR, |zr + = 1 ^ (7.1) 



which is a totally geodesic 2-sphere in SU{2) = S^. If y e SU{2), then y e M if 
and only if y* = y. 

It is well-known that if s is a wave map into a Riemannian manifold N and the 
image of s lies in a totally geodesic submanifold M of N, then s is a wave map into 
A/. Hence if a wave map into with its image lies in a totally geodesic 5^, then 
this is also a wave map into S^. 

In this section, we give a constraint condition on solutions of the — 1 flow equation 
so that the corresponding wave maps lie in the totally geodesic S*^ in SU{2) = S^. 
As a consequence, we also see that the SGE is a subequation of the constrained — 1 
flow equation. 

In order to explain how to get wave maps into 5^, we need to view as the 
symmetric space SU{2)/SO{2). Let r, cr : SL(2,C) SL(2,C) denote the maps 
defined by 

r{9) = {9*r\ a{g) = {gT'- 
Then a and t are group homomorphisms, = = id, ar = ra, and the differ- 
entials at the identity matrix are 

Note that cr{SU{2)) C SU{2). Hence a\SU{2) is an involution of SU{2). The fixed 
point set of cr in SU{2) is 50(2), and S'^ is diffeomorphic to SU{2)/SO{2). A direct 
computation shows that 

= {9<J{9)-' I 9 e SU{2)} 

is the totally geodesic M — S'^ given in H7.1() . 
Since cr^ = id, we have: 

su{2) = JC + V, 

where K, and V are eigenspaces of cr* on su{2) with eigenvalues 1,-1 respectively. 
In fact, 



K. = so(2), V = U 



x,yeR}. (7.2) 



Since a■^, is a Lie algebra automorphism, cr* ([771, 772]) — [cr* (771 ), cr* (772)]. So we have 

[/C,/C]c/C, [IC,V]CV, [V,V]cJC. 

Proposition 7.1. Let (a,u,v) be a solution of the —1 flow equation associated to 
SU(2), 0x = (aX + u) dS, + X^^ d-q its Lax pair, and E the trivialization of 6\ . Then 
the following statements are equivalent: 

(1) a,v and u E IC. 
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(2) 9\ satisfies 

Ox = -0h 0x = -Otx- (7.3) 

(3) The trivialization E(x,t,X) of 6\ satisfies 

E{x,t,X)*E{x,t,X) ^l, E{x,t,X)E{x,t,-XY =1, (7.4) 

Proof. It is easy to see that (1) and (2) are equivalent and (3) implies (2). To prove 
(2) implies (3), we let F{x,t,X) = {E{x,t, -Xf)''^ . Then 

F''dF^-e'_x = 9x, F(0,0,A) = I. 

Hence E ~ F, i.e., E{x, t, X)E{x, t, —A)* = I. We have shown before that 9x — —6*1 
implies that E{x, t, X)*E{x, t, A) = I. □ 

Proposition 7.2. Let {a,u,v) be a solution of the —1 flow equation associated to 
SU{2), and s the wave map constructed from [a,u,v) in Theorem \4.S\ If a,v G V 
and u ^ K,, then s is a wave map into . 

Proof. By Proposition 17.11 the trivialization E of the Lax pair corresponding to 
(a, u, ti) satisfies the reality condition Il7.4|l . This implies that E{x. t, r) e SU{2) for 
all r g M and E{x,t,l)~^ ~ E{x,t, —ly . The wave map constructed in Theorem 
lO is 

s{x,t) = E{x,t,-l)E{x,t,iy'^ = E{x,t,-l)E{x,t,-iy. 
But y e SU{2) hes in S"^ given in (|7.1() if and only if = y. So s{x,t) lies in S^. 
Because S'^ is totally geodesic in SU{2), s is a wave map into S^. □ 

The following Proposition was proved in 0j . 

Proposition 7.3. Let {a,u,v) be a solution of the —1 flow equation associated to 
SU{2) and a,v and u G IC, and s the wave map corresponding to {a,u,v) in 
Theorem \4.!2\ Then: 

(1) If z ~ ifi is pure imaginary and tt = tt, then (a,u,v) = gi/i^v • {a,u,v) is 
again a solution of the —1 flow with u )C, v € V , and (7i^,7r ' s is a wave 
map into . 

(2) If Tt = IT, then (a, u, v) = gz^-n • {g^z.-n • (a, u, v)) is a solution of the —1 flow 
with u G IC, V G V , and g^.-j^ • {g-z.-rr • s) is a wave map into . 

Example 7.4. SGE and wave maps into (00111). 

Let su{2) = JC + V, where JC and V are given by H7.2|l . Let 

...... f ^\ i fcosq sing \ 

a = diag(i, -i), u ^ [ „ ^ ] , V ^ [ . 

\—^ J 4 \^smg —cosqj 

Note a,v € V and u G /C. A direct computation implies that: 

(1) {a,u,v) is a solution of the —1 flow equation associated to SU{2) if and 
only if (7 is a solution of the sine-Gordon equation (SGE): 

ga;t = sing. (7.5) 

Hence solutions of the SGE give rise to wave maps into 5^. 

(2) Let la, u, v) — gis ^^ • (a, u, v). If tt = tt, then 

u=( ^ f \ fcosq sing \ 

V-^ y ' 4 \smq -cosqj 

for some q. So q is again a solution of the SGE. Let g^s^^ • q denote q. 
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(3) gis,-K • is the traveling wave solution of the SGE: 

g(a;,t) =4tan-i(e''^+^), 
and Qei" ,-K • (5-e-i»,7r • 0) is the breather solution of the SGE: 

1 / sin sin(i cos 

4tan"^ ^^7 '■ X 

\ cos 9 cosh(x sin 9) _ 

This solution is periodic in time, and hence called a breather. But wave map 
equation is invariant if we exchange the space and time variables. So a breather 
solution can also be viewed as periodic in space instead. 

Since wave maps into S"^ is a special cases of wave maps into SU{2), as a conse- 
quence of Theorem 16.11 and Proposition [^31 we get the following Theorem: 

Theorem 7.5. We use the same assumption as in Theorem \6.1\ If Z2j = — Z2j_i; 
i.e., r2j = — 7'2j-i and = M2j-i for all 1 < j < k, then S2k is a homoclinic 
2k-soliton wave map from x into . 

When k — 1, the above Theorem was proved by Shatah and Strauss in T . 

8. Wave maps into compact symmetric spaces 

In section [7| we embed as a totally geodesic submanifold of SU{2) — S^. By 
viewing as the symmetric space SU{2)/ S0{2), we give conditions on solutions 
of the —1 flow equation whose image lies in S^. In fact, this same method works 
for any compact symmetric space. In particular, we apply this method to construct 
homoclinic periodic 2/c-soliton wave maps into CP" and 4A:-soliton wave maps into 

First we give a short review of symmetric spaces. Let G be a complex semi-simple 
Lie group, and r and a involutions of G such that 

(i) the differential r* = dTe and cr* = dae at the identity e are conjugate 
linear and complex linear Lie algebra involution on Q respectively, i.e., 
T^{a^) — ar*(^) and a^{a^) = aa^{£,) for all a e C and ^ (z G, 

(ii) UT ~ TfJ. 

Let U denote the fixed point set of r in G. Such U is called a real form of G. Since 
T and a commute, cr{U) C U . Let K denote the fixed point set of a in [/, and V 
the —1 eigenspace of cr* on U. Then U /K is a symmetric space, and U = K. + V 
satisfying 

[/C,/C]c/C, [/C,-P]C7', [V,V]^K.. 
Let Z3 be a domain in C that is invariant under complex conjuation. We say 
that g : D G and : D G satisfy the U -reality condition if 

t(5(A))=5(A), T,(e(A))=e(A), (8.1) 
and satisfy the U / K -reality condition if 

rr(g(A))=.9(A), a{g{-\)) = g{\), 
\r,(C(A))=e(A), a,(e(-A))=e(A) 

respectively. 

Let * denote the tJ-action on U defined hy g^h — gha{g)^^ . Then the stablizer 
at the identity e is K. So the orbit at e, 

= {g<j{g)-^ I 5 e C/}, (8.3) 
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is difFeomorphic to U/K. It is known that Ma is isometric to the symmetric space 
U/K: 

Proposition 8.1. The U-orhit ^ U * e is totally geodesic suhmanifold of U 
and is an isometric embedding of the symmetric space U/K into U. 

The embedding of U/K given in the above Proposition is called the Cartan 
embedding. The embedding of in SU{2) — given by H7.1|l is the Cartan 
embedding of in SU{2), where = is the symmetric space given by 

r(g) = (g*)-ianda(g) = (5*)-i. 

The —1 flow equation associated to U is the equation H4.1|l for (a,M,w) : 
Y[i=i^j ^iid has a Lax pair 6\ — (aX + u) dx + X^^v dt. Our computations and 
results for SU (2) and = s'o(2) previous sections work for any compact Lie 
group U and symmetric space U/K. For example, the following can be proved in 
a similar manner: 

(1) The Lax pair 6x of the —1 flow equation associated to U satisfies the U- 
reality condition H8.1|l . i.e., 

(2) Theorem 14.21 holds by replacing SU{n) by U. In other words, we have a 
correspondence between solutions of the — 1 flow equation associated to U 
and wave maps into U . 

(3) Since any compact Lie group U can be embedded as a subgroup of SU (TV) 
for some N , to construct explicit solutions of the —1 flow equation, we only 
need to find product of simple elements (i.e., of the form (|5.2I) ') that satisfies 
the i7-reality condition. 

(4) The linearization of the wave map equation from S^ x M} into U at the 
stationary wave map sq{x, t) = with e^'^" = I is 

Its stable and unstable modes can be computed using roots of U. 

(5) Propositions 17.11 and 17.21 hold if we replace SU{2) and -f^^ by U and ^. 
The proofs are similar. 

(6) There are analogous Theorem 16. II and Theorem l7.5l for U and U/K. 
Next we give two examples: 

Example 8.2. Wave maps from S^ x to CP"-^ 

Let G = SL{n, C), J = diag(l, . . . , 1,-1), and T,a : G G defined by 

r{y) = {y*r\ <j{y) = JyJ-\ 

A direct computation shows that both r and a are group homomorphisms, — 
= Id, and rcr = ctt. The fixed point set of r in G is C/ = SU{n), and the fixed 
point set of a in U is S{U{1) x U{n — 1)). The ±1 eigenspace of cr* in U is 

0^ 



JC 






-V 



^ G u{n — 1), c G C pure imaginary, tr(^) + c = 
V £ 7Wix(«-i)(C)| . 



Here Mkxj{K) is the space of /c x j matrices with entries in K. The symmetric 

SUjn) 
S((7(n-l)xO(l)) 



space corresponding to r, a is a/rrif^-lCxot^)) ~ CP" ^ . 
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Let D e glin- 1,C), v e Al(„_i)xi(C), v e A^ix(„-i)(C), c e C. Then 
^ ^ E SU (n) if and only if 



V c 

'DD* + bb* = I, 
vD^ + cb* = 0, 
JklP + |cP = l. 

So 

, -1 fl-2bb* 2bc 

The map from the symmetric space Ma- to CP"^^ (the space of complex linear lines 
in C") defined by 

/ - 2bb* 2bc \ ( 2bc 

~2c¥ 2|c|2-lj ^^Ulc|2-1, 

is an isometry from to CP"~^. 

In order to construct explicit wave maps into CP"^^, we look for a product of 
simple elements, 

that satisfies the extra reality condition 

g{-\)^a{g{\)). 

It can be checked that the simple element g^^-n does not satisfy this extra reality 
condition. But we can find product of two simple elements do. Let tt denote the 

Hermitian projection onto C ' where w £ C"^^ and c G C so that — 

|cp = 1. A direct computation implies 

1 f WW* wc\ . ^ 



1 / WW* —wc 



c^(^) = ^ [^^cu,t Icpj = projection onto C i^^^j . (8.4b) 

Since ^^'^ perpendicular with respect to the Hermitian inner prod- 

uct, we have 

na{n) = cr(7r)7r = 0. (8.5) 
So gz^TT and g-z,cr(iT) commute. Let 

hz,i7 = gz,-^g-z,a{-K)- (8.6) 

Note 

cr(7r^) = cr(I - tt) = I - a{n) = i(T{n))^. 
Use (I8.5|) . cr{7T-^) — cr(7r)-'- and a direction computation to prove that hz^-n satisfies 
the s(ir(^i^fe(T)) -reality condition: 

/i(A)*/i(A) = I, h{-\) = a{h{X)). (8.7) 

We apply Backlund transformations given by these elements to the stationary wave 
maps (closed geodesies) to construct homoclinic wave maps from 5^ x M to CP"~^. 
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Let ao G so that e^'^"" = I, to an integer, and a ~ mao. Since ao G su(n), 
there exists A £ SU{n) and C — diag(ici, . . . ,jc„) so that ao = ACA^^. Because 
g27rao _ g^Yi Cj must be integers. Note (a, 0, a) is a solution of the —1 flow equation 
associated to SU{n) with a £ V, and the corresponding wave map constructed in 
Theorem 14.21 is 

Mx,t) = = Ae-^^^'A-^ e M„ = CP"-^ 

Choose zi, Zj E C so that 

z ■ = e*^^' = ^ 
^ m 

as in Example 15.41 Let 

/i^,^ • (a, u, v) = gz^T, • {g-z,a(7T) • (a, u, v)), 

{a,Uj,Vj) = h^^^j, •(•••• (/i^i^^ • (a, 0,a)) • • • ), 

/j = /iz,,7r •(•••• • /o) • ■ ■)■ 

The computation in Example 15 . 41 and the proof of Theorem lti. II implies that fk is a 
homoclinic 2fc-soliton wave map from x to SU{n). But each /iz^.-n-j satisfies 
the reality conditions H8.7|l . Use a proof similar to that of Proposition \7.'6i 2) to 
see that Vj € V and Uj e /C and the wave map corresponding to {a,Uj,Vj) lies in 
Ma = CP"^^. So /j is a wave map from 5*^ x M to SU{n) whose image lies in 
CP"^^. By Theorem 16.11 fk is a homoclinic wave map from 5*^ x M to CP"~^. 

Example 8.3. Wave maps from x to RP" ^ and S*" ^ 

Let G = 50(71, C), 

T{9)=g, a{g)^Jg.r^, 

where J — diag(l, . . . , 1, —1). It can be checked easily that both r and a are group 
homomorphisms of G, t"^ = a"^ — Id and tct = err. The fixed point set of t in G 
is J7 = SO{n), and the fixed point set of cr in f7 is 5(0(1) x 0{n - 1)). The ±1 
eigenspace of ct* in U is 



K = 
V = 








~v 



<^ e so{n - 1) 

u e 7Wix(„-i)(M) 



The symmetric space corresponding to t, ct is g(o^^xO(i)) ' '^^ich is MP" . Let 

5= c) e 50Hwithi?e,gZ(n-l,M),6eX(„_i)xi*(M),t;eMix(„-i)(M), 

and c € R. A direct computation gives 

, .1 fl~2bb* 26c 
^^^(5) =(,-2c6* 2c2-l 

So the Cartan embedding is 

Ma = {gaig)-' = 5^.9>/"' I 5 e ^O(n)} 



I - 266* 26. 



c 



-2c6* 2c2 - 1 



6e Al(„_i)xi(M), ceR, c' + 
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The map from 
to Ma defined by 



b\ (I - 266* 26c 



-2c6* 2c^ - f 



is a double covering. This shows that is isometric to RP"^^. 

To construct explicit wave maps into S*"^^ from a stationary wave map into 5*"^^, 
we need to find rational maps g from S"^ to SO{n, C) that satisfying g{oo) = 1 and 
the 5(o(^-5'ffo(i)) -reality conditions: 



5(A)g(A) = I, gi-X) = JgiX)J-\ 
This is equivalent to find rational maps from S"^ to GL{n,C) that satisfies 



5(A)*.9(A) = 1, g(A)g(A)=l, gi-X) = JgiX)J-\ (8.9) 

We have seen in Example 18.21 that hz,-K defined by (|8.6|l satisfies the first and 
third conditions of H8.9|l . but in general it does not satisfies the second condition. 
However, let w £ R"^^ and 6 e R so that = |6| = 1, and tt the projection onto 



ib 



A direct computation shows that 



By (|8.5|l . we have 

ft is easy to check that 



WW —ibw 
ibw* 1 



TTTT = TTTT 



cr(7r) 



,7r — ^2,7r^— s,7r — gz^-ng—z^T^g—z^-ngz.'K 



satisfies all conditions in H8.9|l . Note (j) has four simple poles, z, — z, z, — z. 

Let oo e 7^ so that e^'^"" = 1. Then (a, 0, a) is a solution of the — f flow equation 
associated to SO{n) whose corresponding wave map is the stationary wave map 
into M^: SQ{x,t) = . Let m an integer, and 



Let 



m 

where Tj is an integer. Let 

(j) • (a, u, v) = /i^,^ • • (a, u, v)). 

Use similar reasoning as in Example 18. 21 to see that wave map 

Sj = (j^Zj^-K • (• ■ ■ (021, TT • So) • • • ) 

is a homoclinic 4j-soliton wave map from 5^ x R^ to RP"^^. Moreover, the last 
column of Sj gives a homoclinic wave map from x M} to S'"""'^. 
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9. Wave maps from M^'i to 5i(2,K) 

It is known that the Cauchy problem for wave map equation from M^'^ to any 
complete Riemannian manifold has long time existence (PP). We will show that 
this is no longer true when the target manifold is the pseudo-Riemannian manifold 
5i(2,K). In fact, we use Backlund transformations to construct smooth initial 
data with finite energy and constant boundary condition at ±oo so that the Cauchy 
problem for wave maps into S'L(2,R) 

(1) has long time existence, or 

(2) develops singularities in finite time. 

First note that Theorem 14.21 holds if we replace SU{n) by any group G. But 
Backlund transformations for the —1 flow equation associated to SL{2, M) is differ- 
ent from the SU{n) case. Let ai, a2 G C, and tt a linear projection of C" (i.e., tt is 
complex linear and vr'^ = tt). Let 



K,,c.,A^)=l+^ —T^\ (9.1) 



where tt' = I — tt. Then 



Backlund transformations are given as follows (cf. 0]): 

Theorem 9.1. Let {a,u,v) be a smooth solution of the —1 flow equation associated 
to SL(n,C), 9\ = {aX + u) + vX~^dr] its Lax pair, and E the trivialization of 
Ox. Let TT be the projection o/C", Vi = Im(7r), and V2 = Ker(7r). Set 

m,v)^E{^,7^,a,)-'{V,), for * = 1,2. 

Suppose Vi(^,77) n V2{S.,r]) — {0} for (C,ry) lies in an open subset O o/M^. Let 
•7r(^,77) denote the linear projection onto Vi{£,,ri) along 1^(5, ?7), and 

u = u + (ai — a2)[a, tt], 

U = I TT U 1 TT = ( — aiVr + a2TT — Qfi TT + an TT j. 

V ai J \ ai J 

Then {a,u,v) is a smooth solution of the —1 flow equation associated to SL{n,C) 
defined on O. Moreover, the trivialization of the Lax pair of (a, u, v) is 

{X)E{^,fj,X)h {x)-\ 
We use hai,a2,Tc • (a, u, v) to denote (a, u, v). 

If {a,u,v) is a solution of the —1 flow equation associated to SL{n,R), then 
hai,a2,Tr • (o, u, v) is also a solution of the —1 flow equation associated to SL(n, R) 
provided that ai, a2 G M and t: — tt. 

Example 9.2. Let a — diag(l,— 1). Then (a, 0,a) is a solution of the —1 flow 
equation associated to SL{2, R) and the corresponding wave map is s{x, t) = e~^°^. 



Let ai, a2 G R, = yc J ^ ''^ ' "^2 = J G R , and tt the projection of C onto 
Cvi along Cv2. Let 

(a, u, w) = /iai,Q2,7r • (a, 0, a). 
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Use Theorem 19. II and a direct computation to get 

1 l'cid2e^ -cidie~^^ 

~ cid2e^ - C2die-^ ^02^26^ -C2die"^^ 

where 

A — (a2 — ai)^ + {a2^ — ai^)r], B — {a2 + + (0^2"^ + Q^r^)'?- 

The new solution (a, u, v) is expressed in terms of 7r(^, 77) as given in Theorem l9.1l 
The wave map corresponding to (a, u, v) is 



-1 



V (1 + q;2)(1 - ai) / 

where h{X) = /icii,q2,-t('^)- If has singularities, then {a,u,v) and s have too. Note 
that we can choose ai and vi,V2 so that ha-^^a2,TT • (QjOiQ) is singular somewhere 
or is smooth on the whole M^'^. But such wave maps do not have good boundary 
behavior when x ±00. 

Example 9.3. We construct wave maps whose image lies in the 1-dimensional 
subgroup R+ = {diag(e*,e-*) | i € M} of S'L(2,M). Let h{^) and k{r]) be smooth 
real valued functions, and 

a(0 = /i'(Odiag(l, -1), biv) = fc'(??)diag(l, -1). 

Then (a, 0,6) is a solution of the —1 flow equation associated to 5i(2,M), its Lax 
pair is 0\ = a(^)A + b{ri)X~^ drj, and the trivialization of 6\ is 

E{^, 77, A) = diag(e''(«)^+'=('')^" , e-('*(«)^+'=('')^")). 

The corresponding wave map is 

s(^, r;) = 77, -l)E{^, 77, l)-i = diag(e-2('»(0+fc('?)) , e2('*(«)+'=(''))). (9.2) 

Since the subgroup is abelian, the equation for wave maps into M+ is the 
linear wave equation. Hence every wave maps into R+ is of the form given in (|9.2|) 
for some smooth one variable real valued functions h,k. 

Example 9.4. We compute Backlund transformation of the wave maps given in 
Examplc l9.3l Let ai, a2 € M, and tt the projection of onto Ct/i along C7/2, where 

yi — y^j and y2 — \ ^^"^ ™- ■ S^* /iai,a2,7r • (a, 0, 6), we first compute 



mii^TT) = E{£.,V,a2) ^(2/2) = (^d2e'^^ 
where 

Ai = h{^)ai + k{ri)a~^ for 7 1, 2. 
Let 7r(^,77) be the projection onto Cyi{^,i]) along Cy2(Ci'7)- Then 

~ ^ J_ fcid2e-^'+^^ -ciC2e-(^i+^^)' 

where 

W := 01^26"^^+-^' - 02^16-^^-^^ 



(9.3) 
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So (a, M, v) := /iQi,a2,7r • {(^7 Oi is given by 
u = (ai - Q;2)[a,7r], 



12 (T- 21;^ ^i-l 



The triviahzation of (a,u,v) is 

and the corresponding wave map is 

V (l + a2)(l-ai) / 

where h{X) = /i„i,a2,7r(A) and Ao(C,r7) = diag(e-('*(«)+''-(''» , e('*(«)+'=(''»). 
It can be easily checked that 

(i) 7r(^, rf) has singularity at (^Oj Vo) if and only if VF(^o, = 0. For example, 
if 1^ > 0, then tt has singularities at points on the curve 

h^a, - a^) + M^)(«r' - «^') - ^ In = 0. (9.4) 

(ii) If < 0, then W never vanishes. So tt is smooth for all (^, 77). 

Now suppose that both h and k is in L\, i.e, /i, fc, h' , k' are square integrable. If 
VF(x, to) ^ for all x G M, then the formula for tt implies that 

V ~i . \ 1 f ^1^2 -C1C2 

lim 7r(a;, to) ^ 



So 

hm s x,to = h{-l) — — ^ h{l) 

\x\^-oo \ (l + a2)(l-ai) / 

is a constant 

Rewrite the left hand side of H9.4|l in space time coordinates x, t, and set 
f{x, t) = (ai - a2)h((x + t)/2) - (a^' - a2^)k{{x - t)/2) - ^ In 

For case (i), we can choose ai,a2 € K and h,k in so that f{x,Q) never 
vanishes for all a; G M, but vanishes at some {xq, to) for some to > 0. We check that 
the wave map s{x, 0) is smooth with finite energy and constant boundary condition, 
but it develops singularities in finite time. 

For case (ii), we have proved that s{x, t) has constant boundary condition for all 
t. Claim that the energy of s is finite. To see this, note that by Theorem 14.21 we 
have 

tr(s~^S5, s~^s^) = 4 tr(a, a), 

tr(s~"'"s^, s^^Sri) — 4 tr(z;, v) 

But tr(?j,?;) = tr(6, 6), which is finite. Thus s is smooth, lim|j.|_^oc s[x,t) is a fixed 
constant for all t, and has finite energy. 
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